Regular symmetric groups of boolean functions  by Grech, Mariusz
Discrete Mathematics 310 (2010) 2877–2882
Contents lists available at ScienceDirect
Discrete Mathematics
journal homepage: www.elsevier.com/locate/disc
Regular symmetric groups of boolean functions
Mariusz Grech
Institute of Mathematics, University of Wrocław, pl.Grunwaldzki 2, 50-384 Wrocław, Poland
a r t i c l e i n f o
Article history:
Received 12 November 2009
Received in revised form 16 June 2010
Accepted 24 June 2010





a b s t r a c t
We show that with the exception of four known cases: C3, C4, C5, and S22 , all regular
permutation groups can be represented as symmetric groups of boolean functions. This
solves the problem posed by A. Kisielewicz in the paper [A. Kisielewicz, Symmetry groups
of boolean functions and constructions of permutation groups, J. Algebra 199 (1998)
379–403]. A slight extension of our proof yields the same result for semiregular groups.
© 2010 Elsevier B.V. All rights reserved.
1. Introduction
In this paper, we consider k-valued boolean functions, i.e., functions of the form
f : {0, 1}n → {0, . . . , k− 1}.
The symmetry group of f (Aut(f )) is the subgroup of Sn consisting of all permutations σ such that
f (xσ(1), . . . , xσ(n)) = f (x1, . . . , xn).
Symmetry groups of functions have received some attention in connection with applications in computer science on the
one hand (see, e.g., [3,4]), and universal algebra on the other hand (see, e.g., [6,10,22]). The symmetry groups of functions
are closely connected with the symmetry groups of unordered relations, which have many interesting applications in graph
theory and other areas (see, e.g., [1,2,5]).
Generally, it is not difficult to see that every abstract group is isomorphic to a symmetry group of a boolean function
(see [4]). Yet, what is really interesting in thementioned applications is permutation isomorphism (two permutation groups
A and B on the sets V and W , respectively, are treated as identical if there is a bijection φ : V → W such that after the
identification of corresponding elements both the groups as the collections of permutations coincide). Problems concerning
permutation isomorphism are usually much more difficult than problems concerning abstract isomorphism.
The class of permutation groups that are the symmetry groups of k-valued boolean functions is denoted by BGR(k). We
also denote BGR = ⋃ BGR(k) and BGR∗(k) = BGR(k) \ BGR(k − 1). In [4], permutation groups that belong to BGR are
called representable, and permutation groups that belong to BGR(2) are called strongly representable. In addition, in [15],
permutation groups that belong to BGR(k) are called k-representable. Since in this paper we consider also representability of
permutation groups by automorphism groups of graphs, in order to avoid amisunderstanding, we use the symbolic notation
introduced above.
One of the consequences of [4, Theorem 13] is that BGR(2) = BGR, which means that the classes BGR∗(k) for k >
2 are in fact empty. Yet, in [15], Kisielewicz has observed that the regular action of the Klein four-group belongs to
BGR∗(3) (this group is permutation isomorphic to the direct product S22 of the symmetric group S2 by itself). This shows
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that [4, Theorem 13] is false. Kisielewicz [15] also points out a gap in the proof of this theorem in [4] and argues that it is
unrepairable. In view of this, an intriguing fact is that so far no other example in BGR \ BGR(2) has been found. Our paper is
partially motivated by attempts to find further examples of this kind.
In [4,15], it was proved that except for the three exceptions of regular action of Zl, l ∈ {3, 4, 5}, which we denote by Cl,
every cyclic permutation group (one generated by a single permutation) belongs to BGR(2) (in [15], the proof contains a gap,
which is corrected in [8]).
Similar problems were considered earlier for automorphism groups of graphs (see [11–13,17,18,21]), and complete
solutions has been established by Godsil [7] for regular permutation groups (i.e., transitive and with trivial point stabilizer).
This prompted Kisielewicz [15] to pose the problem of describing regular permutation groups that belong to BGR.
In this paper, we solve this problem for the broader class of semiregular groups (i.e., thosewith all point stabilizers trivial,
but not necessarily transitive). In Theorem 5.1 we show that except for the cyclic groups C3, C4, C5, and the direct power
S22 , all semiregular permutation groups belong to the class BGR(2). This shows that finding further examples of groups in
BGR \ BGR(2)may require more elaborate constructions.
In our proof, we use the results of Godsil [7] that describe all regular permutation groups that are automorphism groups
of graphs. This, after some work in Section 2, leaves us with two infinite classes of regular permutation groups to consider.
These are regular abelian permutation groups of exponent greater than two, and regular generalized dicyclic permutation
groups. The first class is considered in Section 3 using improved version of some results from [15]. In Section 4 the second
class is considered using other methods, and the final result is obtained for regular permutation groups. In Section 5, we
apply the earlier results to semiregular permutation groups.
2. Boolean functions and graphs
In this section, we apply the result concerning regular automorphism groups of graphs described in [7]. We need some
definitions first.
A k-edge-colored graph is a pair G = (V , E), where V is a set of vertices, and E : P2(V )→ {0, . . . , k−1} is a color function
from two-element subsets of V into the set of colors. (In other words, G is a complete graph with edges colored in k colors).
A permutation σ of the elements of V is an automorphism of G if E({σ(v), σ (w)}) = E({v,w}) for every pair of vertices
(i.e., it preserves the color function). The group of all automorphisms of a graph G is denoted by Aut(G), and the class of all
automorphism groups of k-edge-colored graphs is denoted by GR(k).
For permutation groups A = (A, V ) and B = (B,W ), the direct product A × B is the permutation group defined on the
set V ×W as follows:
(a, b)((v,w)) = (a(v), b(w)) for a ∈ A, b ∈ B, v ∈ V , andw ∈ W .
Then the direct power An of A is defined inductively. In particular, the last exceptionmentioned in the abstract is S22 = S2×S2,
where S2 is the symmetric group on two points.
To show the connection between boolean functions and graphs, we observe that a k-valued boolean function may be
identified with the pair f ∗ = (V , f ), where V is a set of vertices, and f : P(V ) → {0, . . . , k − 1} is a function from the set
of all subsets of V into the set of k colors. Indeed, a bijection φ is given by φ(f )(U) = l if f ((x1, . . . , xn)) = l for an n-tuple
(x1, . . . , xn) such that xi = 1 if and only if i ∈ U . In this paper, by boolean functions we will mean the corresponding pairs
f ∗ = (V , f ) rather than usual functions.
It is clear now that a k-edge-colored graph can be considered as a k-valued function such that all subsets of V with
cardinality different from two are mapped on 0. Thus, we have GR(k) ⊆ BGR(k).
Below we summarize results obtained by Godsil in [7].
Theorem 2.1 ([7]). A regular permutation group A belongs to the class GR(2) if and only if A is neither an abelian group of
exponent greater than two nor a generalized dicyclic group and in addition is not isomorphic (as an abstract group) with any of
the thirteen exceptional groups listed below.
• S22 , S32 , S42 ,• dihedral group D3,D4 or D5,
• the alternating group A4,
• 〈a, b, c | a2 = b2 = c2 = id, abc = bca = cab〉,
• 〈a, b | a8 = b2 = id, b−1ab = a5〉,
• 〈a, b, c | a3 = b3 = c2 = id, ab = ba, (ac)2 = (bc)2 = id〉,
• 〈a, b, c | a3 = b2 = c3 = id, ac = ca, bc = cb, b−1ab = ac〉,
• Q × C3,Q × C4, where Q is the quaternion group of order eight.
It is not difficult to check that regular actions of these exceptional groups belong all to GR(4). (The reader may check it as
an exercise). In fact, Śliwiński [20] has checked that except for S32 all these exceptional groups belong to GR(3). Combining
this with the remark above, we can infer that every regular permutation group in GR belongs to BGR(4). However, we are
able to improve this result. We start from the following.
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Lemma 2.2. Let (A, V ) ∈ GR(k) for k ≥ 2 and |V | > 4. Let t be an integer such that t2 ≥ k. Then, (A, V ) ∈ BGR(t).
Proof. Let G = (V , E) be a k-edge-colored graph such that Aut(G) = A and E : V → {0, . . . , k−1}. Let g : {0, . . . , k−1} →
{0, . . . , t−1}{1,2} be an injection (the latter is the set of functions from {1, 2} into {0, . . . , t−1}).Wedefine a boolean function
f : P(V )→ {0, . . . , t − 1}with the automorphism group equal to A. For a set S ⊆ V , by Sc , we denote the set V \ S. Let
f (S) =
{
(g(E(S)))(1) for |S| = 2,
(g(E(Sc)))(2) for |S| = |V | − 2,
0 otherwise.
Since |V | > 4, this is well defined. Observe that all sets S such that |S| 6∈ {2, |V | − 2} are colored 0. Moreover,
(f (S), f (Sc)) = g(E(S)) for every S such that |S| = 2. Therefore, it is clear that Aut(f ) = A. 
Using Theorem 2.1 and Lemma 2.2, we have immediately.
Corollary 2.3. With the exception of the three cases: regular generalized dicyclic permutation groups, the regular abelian
permutation groups of exponent grater then two, and the group S22 , all regular permutation groups belong to BGR(2).
This corollary leaves only the two infinite classes of permutation groups to consider: regular abelian permutation groups
of exponent grater then two and regular generalized dicyclic permutation groups. These permutation groups do not belong
to the class GR and therefore even if we could improve Theorem 2.1, it would not help. Therefore we need another approach.
The two next sections are devoted to the two cases, respectively.
3. Regular abelian permutation groups
Every abelian group is a product of cyclic groups, and therefore we need to consider the direct product of permutation
groups. In [15], Kisielewicz has proved that if A, B ∈ BGR(k), then A × B ∈ BGR(k). Since this result is not sufficient for our
study of regular abelian permutation groups, we improve it to the following.
Theorem 3.1. Let (A, V ) and (B,W ) be permutation groups belonging to the class BGR(k), k ≥ 2. Let |V | ≥ 2, |W | ≥ 2 and t
be an integer such that t2 ≥ k. Then, A× B ∈ BGR(t), except for A× B = S22 .
Proof. We may assume that |V | ≤ |W |. To exclude trivial cases, observe that there are two permutation groups on the
two-element set: S2 and I2 (In denotes the action of the trivial group on the n-element set). Observe first that {I2, S2} ⊂
BGR(2), I4 = I2 × I2 ∈ BGR(2), and I2 × S2 ∈ BGR(2). Hence, we may assume |W | ≥ 3. Let f1 : P(V ) → {0, . . . , k − 1}
and f2 : P(W ) → {0, . . . , k − 1} be boolean functions with the automorphism groups equal to A and B, respectively. Let
g : {0, . . . , k− 1} → {0, . . . , t − 1}{1,2} be an injection. We define a boolean function f : P(V ×W )→ {0, . . . , t − 1}with
the automorphism group equal to A× B. For a set S ⊆ V ×W , by Sc , we denote the set (V ×W ) \ S.
F(S) =

(g(f1(S ′))) (1) for S = (S ′ × {w}) and S ′ 6= V ,
(g(f1(S ′))) (2) for Sc = (S ′ × {w}) and S ′ 6= V ,
(g(f2(S ′))) (1) for S = ({v} × S ′) and S ′ 6= W ,
(g(f2(S ′))) (2) for Sc = ({v} × S ′) and S ′ 6= W ,
1 for S = ({v} ×W ),
1 for Sc = (V × {w})
0 otherwise.
Since Aut(f1) = A and Aut(f2) = B, it is clear that Aut(f ) ⊇ A × B. We show the opposite inclusion. First we check that
Aut(f ) preserves the partition of the set V ×W onto rows (the sets of the form V × {w}) and columns (the sets of the form
{v}×W ). Indeed, the sets {v}×W are the only sets of the cardinality |W | that are colored 1. Therefore, Aut(f ) preserves the
partition onto columns. Moreover, the sets (V × {w})c are the only sets of the cardinality |V ×W | − |V | that are colored 1.
Therefore, Aut(f ) preserves the partition onto rows.
For every subset S of a row, S = S1 × {w}, we have (f (S), f (Sc)) = g(f1(S1)). Since g is an injection, Aut(f ) ⊆ A× S|W |.
The analogous statement is true for columns. Hence, Aut(f ) ⊆ A× B. 
We know that Ci 6∈ BGR for i ∈ {3, 4, 5}. However, Ci ∈ BGR(2) for the remaining i. We use the observation that except
for Z3, Z4, and Z5, every abelian group is a product of the cyclic group Zi with i 6∈ {3, 4, 5} and the groups Z22 , Z23 , Z24 , and
Z25 . We need only to know that {C23 , C24 , C25 } ⊆ BGR. These was checked by Petrykowski [19]. We provide our own uniform
proof.
Lemma 3.2. For all n ≥ 3, C2n ∈ BGR(2).
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Proof. Let n ≥ 3 be fixed. For the group C2n , we construct a boolean function f such that Aut(f ) = C2n . As the base set we
take the set of pairs V = {0, . . . , n− 1}2. We define a function f : P(V )→ {0, 1}.
f (S) = 1 for S = {(i, j), (i+ 1mod n, j)},
f (S) = 1 for Sc = {(i, j), (i, j+ 1mod n)},
f (S) = 1 for S = {(i, 0), . . . , (i, n− 1), (i, 1)},
f (S) = 1 for Sc = {(0, j), . . . , (n− 1, j), (1, j)},
f (S) = 0 otherwise.
It is clear that C2n ⊆ Aut(f ). In particular, Aut(f ) is transitive. We have to verify the opposite inclusion. It is enough to
show that the stabilizer of the element (0, 0) is trivial.
By the definition of the colors of two-element sets, the partition on the rows is preserved by automorphisms. By
the definition of the colors of the sets with n2 − 2 elements, the same is true for the columns. In particular the sets
{0, . . . , n− 1}× {0} and {0}× {0, . . . , n− 1} are preserved by the stabilizer of (0, 0). Moreover, the only two elements that
are in the same two-element set of color 1 with (0, 0) are (1, 0) and (n− 1, 0). So the set {(1, 0), (n− 1, 0)} is preserved by
the stabilizer of (0, 0). We show that, in fact, each of those elements is fixed.
Indeed, the set {(i, 0), . . . , (i, n−1), (i, 1)} is colored 1, and since n ≥ 3 the set {(i, 0), . . . , (i, n−1), (i, n−1)} is colored
0. For 0 < i < n − 1, we have that the element (i + 1, 0) is the only one, except for (i − 1, 0) that belongs to the same
two-element set of color 1with (i, 0). Hence, inductively, the stabilizer of (0, 0) fixes all the elements (i, 0), i ∈ {1, . . . , n−1}.
A similar argument, using the sets with n2 − 2 and n2 − n − 1 elements, shows that the stabilizer of (0, 0) fixes all
the elements (0, j), j ∈ {1, . . . , n − 1}. Therefore, since the stabilizer of (0, 0) preserves rows and columns, it fixes all the
elements. 
Using Theorem 3.1 and Lemma 3.2, we have the following.
Corollary 3.3. With the exception of C3, C4, C5, and S22 , every regular abelian permutation group belongs to BGR(2).
4. Regular generalized dicyclic permutation groups
An abstract generalized dicyclic group is a nonabelian group of a form
B = 〈A, b|b2 ∈ A, b4 = 1, bab−1 = a−1 for a ∈ A〉,
where A is abelian (see also [14,16]). Since b2 ∈ A and b4 = 1, we have immediately that |A| is even. Moreover, since
B is nonabelian, A has an exponent greater than two (there is a ∈ A that ord(a) > 2). By a regular generalized dicyclic
permutation group we mean the group B acting on itself by the left multiplication.
First, we prove the following.
Lemma 4.1. Let B be a generalized dicyclic group generated be an abelian group A and an element b, as above. Assume that the
regular abelian group A belongs to the class BGR(2). Then, the regular generalized dicyclic permutation group B belongs to BGR(2).
Proof. Let f : P(A)→ {0, 1} be a boolean function such that Aut(f ) = A. Let a ∈ A be of order greater than 2. We define a
boolean function f ′ : B→ {0, 1} such that Aut(f ′) = B. As before, for a set S ⊆ B, by SC , we denote the set B \ S.
f ′(S) =

1 for S ∈ {A, bA},
f (S) for S ⊂ A,
f (S) for SC ⊂ gA,
1 for S = {c, ac, bc}, where c ∈ B,
0 otherwise.
It is obvious that Aut(f ′) ⊇ B. Since B is regular, it is enough to show that σ ∈ Aut(f ′) that fixes 1 is trivial. The only two
sets of cardinality |A| colored 1 are A and gA. Since σ fixes 1, it preserves these two sets. Since f ′ restricted to A is equal to
f , σ fixes all the elements of A. To complete the proof, it is enough to show that σ fixes b. Indeed, since ord(a) > 2, there is
exactly one set of cardinality three, not contained in A, that contains 1 and a, and is colored 1. This set is {1, a, b}. Since σ
fixes elements 1 and a, it fixes also b. Finally, since f ′ restricted to the set gA is defined as f on the set A, we have that σ fixes
every element of gA. Thus, σ is trivial. 
Now, we consider what are the possibilities for generalized dicyclic groups obtained from an abelian group A such that
the regular abelian permutation group A does not belongs to BGR(2). We have only four abelian groups that do not belong
to BGR(2). Since |A| must be even and A has to contain an element of order greater than 2, the only possibility is Z4. Then,
b2 = 2 in Z4, and consequently, B is the eight-element quaternion group Q . Using Corollary 3.3 and Lemma 4.1, we have the
following.
Corollary 4.2. Every regular generalized dicyclic permutation group, other than Q , belongs to BGR(2).
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It remains to check, if Q ∈ BGR(2).
Lemma 4.3. Q ∈ BGR(2).
Proof. We define a boolean function f such that Aut(f ) = Q . We assume that Q acts on the set of elements of Q by the left
multiplication. For elements of Q , we use the standard notation of the quaternion group Q = {1,−1, i,−i, j,−j, k,−k}. Let
a be an arbitrary element of Q . Then, we define:
f (a{1, i}) = 1,
f (a{1, j}C ) = 1,
f (a{1, i, j}) = 1,
f ≡ 0, otherwise.
By the definition, the inclusion Aut(f ) ⊇ Q obviously holds. We have to verify the opposite inclusion. Since Aut(f ) ⊇ Q
and Q is transitive, it is enough to show that Aut(f )1 = {id}.
Since the vertices i and−i are the only members of the two-element sets that contain also the vertex 1 and are mapped
on 1, we have that the set {i,−i} is preserved by Aut(f ). Moreover, other two-element sets that contain either i or−1 and
are mapped on 1, contain also the vertex −1. Therefore Aut(f )1 fixes −1. In addition, the vertices j and −j are the only
nonmembers of six-element sets that do not contain the vertex 1 and are mapped on 1. Hence, Aut(f )1 preserves the sets
{j,−j} and {k,−k}. Now, we consider three-element sets that are mapped on 1. There are only two of them that contain 1;
{1, i, j} and {1,−i,−k}.
Since the set {j,−j} is preserved by Aut(f )1, we can distinguish between vertices i and −i. Therefore, Aut(f )1 fixes
these both vertices. But now, for the same reason Aut(f )1 fixes the vertices j,−j, k, and −k. Therefore, Aut(f )1 = {id},
as required. 
Summarizing, we have the following.
Theorem 4.4. With the four exceptions of the groups C3, C4, C5, and S22 , every other regular permutation group belongs to the
class BGR(2). Moreover, S22 ∈ BGR∗(3), and Ci 6∈ BGR for i ∈ {3, 4, 5}.
5. Semiregular permutation groups
In this section we deal with semiregular permutation groups. As above, by In we denote the trivial permutation group
acting on n elements. First observe that every semiregular permutation group A is of the form A = B × Ik for some k ≥ 1
and a regular permutation group B (which is abstractly isomorphic with A).
In [4,15] it is proved that Cn×Ik ∈ BGR(2) for any k > 1. Let f : P({0, . . . , n−1})→ {0, 1} be such that f ({0, . . . , k}) = 1
for any k ≥ 0, and f (X) = 0, otherwise. It is obvious that Aut(f ) = In, Hence, In ∈ BGR(2). Using Theorems 3.1 and 4.4 we
have that B× Ik ∈ BGR(2) for any k > 1 and a regular permutation group B different from Ci, i ∈ {3, 4, 5}. Combining these
results we obtain.
Theorem 5.1. With four exceptions of the groups C3, C4, C5, and S22 , every other semiregular permutation group belongs to the
class BGR(2). Moreover, we have S22 ∈ BGR∗(3), and Ci 6∈ BGR for i ∈ {3, 4, 5}.
6. Final remarks
The result of this paper shows that the simplest permutation groups do not lead to new examples of groups that belong
to the class BGR \ BGR(2). This combined with partial results in [15] concerning products of permutation groups suggests
that further examples of such groups, if any, should be sought among groups of rather high transitivity, e.g. primitive groups.
Natural candidates to check are the groups in the class GR\GR(2). By Lemma 2.2, GR(4) ⊆ BGR(2). On the other hand, no
permutation group in GR∗(k) is known for k > 6. In [9], there are examples of permutation groups that belongs to GR∗(5)
and GR∗(6). By Lemma 2.2, we know that these groups belong to BGR(3). They still could lead to new examples in BGR∗(3).
However, the groups described in [9] are, at first, affine groups of orders 24, 28, 34, 74. Other examples are direct sums or
wreath products of these groups and groups in GR(4). By results of Kisielewicz [15], we should check those affine, first.
Recently, Dalla Volta and Siemons [5] proved that if n is not in the ranges n ≤ 17; 21 ≤ n ≤ 24 nor n = 32, then every
affine permutation group of order n belongs to BGR(2). This leaves only the case n = 24 to be settled. It can be checked
directly that again the corresponding group belongs to BGR(2). It follows that all known examples in GR(6) are in BGR(2).
Thus, finding a new example in BGR \ BGR(2) remains still an interesting and challenging task.
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